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Introduction
Guided modes propagating along periodic structures have received considerable attention and, depending on the physical contexts, are known variously as edge waves [1] , RayleighBloch surface waves [2] , array-guided surface waves [3] or bound states [4] . Most of this work has focused on two-dimensional problems. There have been previous studies of electromagnetic surface waves guided by periodic arrays, but these have concentrated on cases where the spheres can be modelled by some combination of electric and magnetic dipoles [5, 6, 7, 8] .
The work described here is a complete analysis, based on the full Maxwell equations, of travelling electromagnetic waves propagating along linear arrays of dielectric spheres in the absence of any incident field. A theory for electromagnetic wave scattering by an infinite planar array of spheres was developed in [9, 10] and our approach builds on the formalism presented there; it would be straightforward to modify our analysis to consider the corresponding scattering problem. A similar formalism for full vector problems in elasticity has also been developed [11, 12, 13] .
Our goal is to provide a thorough study of the modes that can exist. The problem is a natural extension of the equivalent acoustic problem [14] and, as in that case, there is a cut-off frequency below which waves cannot radiate energy away from the array. The modes that we seek have frequencies below this cut-off and decay exponentially as one moves away from the array. We do not address the far more difficult question of whether surface modes exist at frequencies above the cut-off (in which case they are usually referred to as embedded modes); a review of work on embedded modes in two dimensions can be found in [15] .
In section 2 we formulate the general problem of electromagnetic waves traveling on an arbitrary infinite periodic array of penetrable dielectric spheres and then the special case of a one-dimensional array is treated in section 3. We derive a homogeneous infinite system of real linear algebraic equations and the condition for the existence of a guided wave is that the determinant of this system should vanish. The matrix associated with this system is truncated and the determinant then computed numerically; results are presented in section 4.
Representation of the electromagnetic field
We assume time-harmonic fields with an exp(−iωt) (ω > 0) dependence throughout. Spherical polar coordinates are (r, θ, φ) with unit vectors e r , e θ , e φ . In an isotropic homogeneous, source free medium Maxwell's equations are
Here E is the electric intensity, H is the magnetic intensity, ǫ is the electric permitivity, and µ is the magnetic permeability. It follows that both E and H satisfy the vector Helmholtz equation:
in which k 2 = ω 2 ǫµ. Our analysis is built around vector spherical wavefunctions M m n and N m n , defined in Appendix A, which are divergence-free solutions to the vector Helmholtz equation. Vector spherical wavefunctions which are regular at the origin (i.e. with the function z n (kr) in Appendix A taken as the spherical Bessel function of the first kind, j n (kr)) will be denoted byM n (kr) (which are singular at the origin and behave like outgoing waves as kr → ∞).
To begin with we will consider an arbitrary periodic array Λ of dielectric spheres, centred at the points R j ∈ Λ. Without loss of generality we can assume that R 0 = 0. Outside the spheres we write ǫ and µ for the electric permitivity and the magnetic permeability, respectively, whereas inside the spheres we use ǫ ′ and µ ′ with k
We seek a quasi-periodic solution which satisfies
for some Bloch vector β. Let r j = r − R j .
Assuming that there is no incident field, we can then represent the electric and magnetic field outside the spheres via
where the complex coefficients a Note that, unlike in the equivalent scalar problem, there is no monopole (n = m = 0) term. Spherically symmetric solutions to the source-free Maxwell equations exist only in the static case k → 0 (see [16, §9.1] ). Inside sphere j the field is given bŷ
in which the primed quantities ζ ′ ,M ′m n andN ′m n are the same as their unprimed equivalents except with ǫ and µ replaced with ǫ ′ and µ ′ appropriate for the medium inside the spheres. It then suffices to consider the boundary conditions on a single sphere, which we take to be that at the origin. We can separate the total field, given by (6) and (7), into parts incident on and radiating from this particular sphere; the latter is given by
The field incident on the sphere at the origin (which is made up from the radiated fields from all the other spheres) can be expanded, in the vicinity of that sphere, in terms of regular wavefunctions:
and then comparing this with (6) and (7) and using the addition theorem (72) we find that
where we have defined the lattice sums
with A mµ nν (·) and B mµ nν (·) given by (76) and (79), respectively. Here the dash on the summation indicates that the j = 0 term is to be omitted.
The boundary conditions to be satisfied at r = a are that the tangential component of both E and H must be continuous. In other words e r × E and e r × H need to be continuous. Using vector spherical harmonics defined by (58), and (63), (66) and the fact that e r × (e r × X m n ) = −X m n , we see that continuity of e r × E implies that
and continuity of e r × H gives
Here D is the differential operator defined in (67).
Next we take the dot product of each of (16) and (17) with X q p and integrate over the unit sphere to yield for each p = 0, 1, 2, . . . and q = −p, . . . , p, on account of (59) and (69),
and ζ
Similarly, if we take the cross product of (16) and (17) with X q p and integrate over the unit sphere we obtain, on account of (61) and (62),
Elimination of the interior coefficients a 
where the so-called Lorenz-Mie coefficients Z (i) p are given by
(These are equivalent to the expressions given in [17, p. 565] .) Finally, if we substitute from (14) we obtain the coupled systems of homogeneous equations
For the purpose of making numerical computations we truncate this system. The crudest such truncation is to insist that p = q = 1 (i.e. retain only the dipole terms). It is possible (as in [5] ) to restrict attention at the outset to fields consisting solely of dipoles and then to replace the complicated machinery that results from the application of the addition theorem and which leads to (14) by the much simpler process of matching the value of the incident field at the centre of the chosen sphere. It is not obvious that this approach is equivalent to truncating (25) but this is the case, as we now demonstrate.
From (6), (7) we have, for dipole fields,
and the key step is to note that, from (85),
On the other hand, from (12) and (13), using (70), we have
Matching (29) with (26) and (27) , using (15), thus yields
and this is clearly satisfied if
which is the truncated version of (14) . In the general case this is a 6 × 6 system of equations.
Guided waves on linear arrays of spheres
The system of equations (25) applies equally well to a one-, two-, or three-dimensional lattice Λ. In this section we consider the special case of a linear array of spheres, i.e. we take
where s is the spacing between the sphere centres. In this case the modes corresponding to different values of m decouple, since if m = q, then A mq np = B mq np = 0 (see Appendix B) and without loss of generality we can assume that m ≥ 0. We take β = βe z and since exp(iβ · R j ) = exp(ijsβ) it is clear that we only need to consider βs ∈ (−π, π]. However, the symmetry of the geometry means that in fact we only need to consider βs ∈ [0, π]. Then outside the spheres we have the representations
where we have written m * = max(1, m). We have, from (83) and (84),
where σ p is defined in (86). For a particular value of m, the system of equations given by (25) reduces to
When 0 < ks < βs < π, which ensures no radiation away from the array, this system of complex equations can be transformed into a real system as follows. We use (75), (78), (93) and (94), to show that
and η p is defined in (94). Thus (38) becomes
where The special case m = 1, and a 1 n = b 1 n = 0 for n > 1, is worthy of consideration since this corresponds to the dipole approximation considered in [5, 18] . (In fact, those papers consider a particular polarization which is a linear combination of the m = 1 and m = −1 modes, but the dispersion relation is identical.) The general 6 × 6 system given in (32) reduces to a 2 × 2 system in this case. From (42), dropping the superfluous sub-and superscripts n, ν and m (which are all 1) we get the (real) dispersion relation
andÃ andB can be determined using (40), (41), (75), (78), together with the results
We obtainÃ
For convenience, we define
Then, using (94), we havẽ
To allow easy comparison with [5] , we re-write the dispersion relation (44), using (43), as iZ
and define Σ 1,2 and S ± via
Then (49) becomes
which is equivalent to equation (18) of [5] . 
Numerical results
Results are presented with the problem scaled so that the spacing between consecutive sphere centres is unity (i.e. s = 1). To restrict the number of parameters in the problem we also set ǫ = µ = µ ′ = 1. This leaves three key parameters: the sphere radius a, the electric permitivity of the spheres ǫ ′ , and the azimuthal mode number m. Extensive numerical searches for guided waves with azimuthal mode numbers m = 0, . . . , 4 that can propagate along linear arrays were carried out using program code written in Fortran 2003. The Gaunt coefficients were computed using an updated version of the 'Root-Rational-Fraction package' described in [19] and the lattice sums were evaluated using the method described in [20] .
For computational purposes the infinite linear system (42) (which converges exponentially) is truncated to a 2N × 2N system. The choice of N is then a balance between speed of computation and required accuracy. As the results which are presented below demonstrate, in most cases the crudest of truncations (N = 1) yields accurate results. The most challenging situation is when a is large (the spheres touch when a = 0.5) and m = 0 and to illustrate the convergence as N is increased in such a situation we present in Table 1 If the spheres are too small then we are unable to find any modes. In the absence of an existence proof for these guided waves (unlike in the equivalent acoustic problem where such proofs have recently been provided [21] ) it is not possible to say whether this is because they do not exist or whether it is just that the values of k and β are so close that we are unable to resolve the difference. For ǫ ′ = 10, the minimum values of a for which modes have been computed are, approximately, a = 0.327 for m = 0, a = 0.205 for m = 1, and a = 0.463 for m = 2. We have been unable to find any solutions for m > 2. It is not surprising, from a physical perspective, that it is more challenging to find modes for the linear array of spheres than in similar two-dimensional problems such as those mentioned in the first paragraph of the introduction. This is because the waves have an extra dimension in which to leak energy to infinity.
In Figure 1 we present the dispersion curves showing how β varies with k for s = 1, ǫ = µ = µ ′ = 1 and ǫ ′ = 10. Continuous and dashed curves are for a = 0.4 and a = 0.47, respectively, computed using a truncation parameter of N = 8, with the stars showing the results computed using N = 1. Figure 1 Figure 17 of [18] and these agree with the stars approximating the solid curves in Figure 1(b) . Results for m = 2 (but with the other parameters as in Figure 1 ) are shown in Figure 2 , this time for a = 0.47 and a = 0.49 as it is only for these large spheres that we have been able to find modes.
In Figure 3 we illustrate the effect of varying ǫ ′ with s = 1, ǫ = µ = µ ′ = 1. The most obvious effect is that if ǫ ′ is reduced sufficiently, modes cease to exist. As an example, Figure 3 
Conclusion
Dispersion curves describing guided electromagnetic waves propagating along one-dimensional arrays of dielectric spheres have been determined based on a full vector solution of Maxwell's equations. By writing the quasi-periodic wave field as a superposition of vector spherical wave functions and then applying the boundary condition on the sphere surfaces we are able to reduce the problem to an infinite system of real linear algebraic equations and surface waves exist when the determinant of the associated infinite matrix vanishes. A truncation procedure, with excellent convergence characteristics, has been used to enable these to be determined numerically.
Previous work based on a dipole approximation has shown that such guided waves do indeed exist. In this paper we have extended the understanding of these modes in two ways. First, we have demonstrated that the dipole approximation is equivalent to a truncation of the linear system that we derive from the full Maxwell equations and that the approximation yields accurate solutions over a wide parameter range so that it can be used with confidence. However, its accuracy diminishes as the sphere radius gets larger. This is because the higher modes are excited more strongly for larger spheres and also that more modes are important in the interaction theory when the space between the spheres reduces. Secondly we have shown that modes exist for azimuthal modes |m| = 0, 1, 2 (previously only the case |m| = 1 had been treated) but our computations suggest that there are no modes for |m| > 2. 
A Vector spherical harmonics
where
and the associated Legendre function is defined here, for non-negative order and |x| ≤ 1, by
This is the convention adopted in [22] . If m > n, P m n (x) ≡ 0. The extension to negative order is accomplished via
We note that
and
the integral being over the surface of the unit sphere.
(a) For n ≥ 1, we can define vector spherical harmonics by
and it can be shown that
(Note that no complex conjugation is implicit in the dot product.) Since X q p · e r = 0, we
and hence
We also have
Our first set of divergence free solutions of the Helmholtz equation are taken as
and we have
The second set of divergence free solutions of the Helmholtz equation is
where we have introduced the differential operator
From the last of these we see that
and we can show that
For more details, see [17, Chapter 7] and [16, §9.7] . Note thatM
If, for convenience, we introduce Cartesian unit vectors e x , e y , e z then we havê
B Addition theorems
The addition theorem for vector spherical harmonics [23, 24] that we need here takes the form M m n (c) =
where c = a + b and |a| < |b|. Expressions for the A mµ nν (b) and B mµ nν (b) are given in [24] , though care needs to be taken when converting his formulas to our notation, which is based on that of [22] . The formulas make use of so-called Gaunt coefficients, G, which are integrals of products of three spherical harmonics:
the integration being over the surface of the unit sphere. These coefficients can also be expressed in terms of Wigner 3-j symbols via 
Theorems I and II of [24] imply that 
For future reference we note that g nn0 = 1,
Similarly (note that there is a well-documented sign error in Cruzan's paper [25, 26, 27] 
These relations (which can, with difficulty, be verified) serve as a useful check on the expressions for A mµ nν and B mµ nν .
